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Section A of this Appendix provides further discussions of the error in Serrat's analysis.

Sections B provide more intuition on Serrat's economy. Serrat considers an economy with
continuous time, and he uses specialized mathematics. To better understand Serrat's economy,
I found it useful to study a discrete time variant of that economy. Solving that variant is
straightforward. All key results of the Comment can be replicated in the discrete time
structure. In particular, equilibrium portfolios in the discrete time variant have the same
structure as portfolios in the (correctly solved) continuous time model.



A. Detailed discussion of error in Serrat paper

In what follows, all page numbers refer to Serrat's paper, '"Comment" refers to my
document "A Dynamic Equilibrium Model of International Portfolio Holdings:
Comment".

Serrat shows that equilibrium portfolios have to satisfy the following equation, for countries
i=1,2 (see bottom of p.1484):

Az'=0) (A.1)
with 7z;=(z| .7, .75 -7, ), Where 7, is the value of the stock j shares held by country i at

date # (7},=S;,P,); A, isa 4x4 matrix shown on p.1483, and &); is a 1x4 vector shown

on p.1484 (see eqn. (4) in Comment).

In what follows, I establish the following facts (used in the Comment):
® A, issingular (Sect. A.1.).

L (f)i' equals the third column of A, times (1+-)F, (and (f),z' equals the fourth column of A,
times (1+1)P, ,); see Sect. A.2.

® When the stock market clears and equation (A.1) holds for one country, then eqn. (A.1)
holds for the other country as well (Sect. A.3).

In Sect. A.4, I substitute Serrat's equilibrium portfolio holdings (as described in his Theorem
2) into eqn. (A.1), and confirm (using the facts derived in Sect. A.1-A.3) that those portfolio
holdings do not satisfy eqn. (A.1).

In Sect. A.5, T use the same approach to verify that the equilibrium stock holdings described
by eqn. (5) in the Comment do satisfy eqn. (A.1).

Sect. A.6 provides a detailed discussion of the steps used to derive equilibrium
stockholdings (eqn. (5)) in the Comment.

A.1. A, is singular
For notational simplicity, the Comment and the following discussion assume that the utility
weight on traded good consumption is identical across countries: p'=p’>=p; Serrat uses the

same assumption in his numerical simulations. My key results continue to hold under p'# p>.

The diffusion matrix of stock prices is o =A) o, where o is the diffusion matrix of
endowments (see p.1483). I carefully checked (and re-derived) the expression for A, shown
on p.1483: that expression is correct (the definitions of the variables
w00 a,al b b cl,c’,d,d’ that appear in that formula are likewise correct). These

checks are available on request.



The Comment shows that p, J, +p, 0, =20, +p,,6,,], where p,  [6,,] is the price

4,l_q

[endowment] of good j (with p =1, as good 1 is the numéraire). The price of stock ; is:
Pj,,zE,J-tT(és/é,) p; 0, ds where & is the equilibrium Arrow-Debreu state price density

shown in Serrat's eqn. (11). Thus, stock prices are collinear: P, +P, =/[F +P ] Using these

facts and the formulae for goods prices and consumptions shown in Serrat's eqns. (12)-(13), it
can easily be shown that u',u’,0,0’,a',a’,b',b’,c,c’,d' and d satisfy these restrictions (a

[ 2=

derivation is available upon request):

aj+b!=1; a} +b}=1; ¢/=(1-q)+qd,; ¢!=(1-q)+qd}; u;+v;=1; u} +v] =1 (A2)
bt11)3,t+bt2P4,t:§1)2,t; Ctzpzl,z_ctlPS,zZ(I_Q)(Pzt,t_P3,t); utlljl,t+ut21)2,t:%P3,t; ufg,t:%btlplt' (A.3)

Using (A.2) (and setting p'=p’=p), the matrix A, can be written as:

1 1-q 1—gb! 1—gb?
0 q gb! gb’
A, = p(ut1 -a,) p(utz_at) %CQ_POZ, —ﬁc,z-i‘p(l—at) . (A.4)
L —plu,—a,) -p’-a) _%C,l'i'pa, ﬁC,z—p(l—a,) |

The fourth row of A, equals the third row multiplied by —1. Thus, A, is singular.

Let /~\t be le matrix consisting of the first three rows of A,. The rows of Kt are linearly
independent. To see this, note that the matrix consisting of the first three columns of K, is
non-singular (the determinant of that matrix is gp{c//(1-q)—[bu’ +(1—b)u']}; this
expression differs from zero because c¢|/(1-g)>1 and 0<b/,u,,u’ <1, as can be seen from the

definitions of ¢!, ,u.,u’ on p.1483).

[

A.2. Properties of @,

I first correct typos in the dA)tl vector reported by Serrat (Sect. A.2.1). I also re-derive EI\),1 from
scratch (Sect. A.2.3).

A.2.1. Correcting typos

The vector C/I\): is defined in Serrat's eqn. (33). That equation contains several typos:

(1) in the second element of C/IS,1 , the variable ¢}, has to be multiplied by p,, (and not by ¢, :
that variable is not defined);
(i1) in the third and fourth elements of Cf)t1 , ¢,, (not defined) has to be replaced by c), ;

(i11) in the fourth element of dA),l, the term p(1-e¢,)X, has to appear with a negative sign.



The term X, that appears in the first, third and fourth elements of the vector (/I\)t1 is defined by
Serrat as X,=E, (j T%(Cls+ D2,Coi+D3,5,,)dS)  (see p.1484). In that expression, Serrat forgot

the superscript on ¢,, and c,, (the quantities ¢, and c,, are not defined). The correct

t t

T
expression for X, is thus: X,=E, (J.t i—j(cllﬁ Dy.Cr .+ D5, 05,)dS), i.e. X, equals the value at t of

T
s=t

country 1's efficient consumption spending process {c|, +p,.cs.+p;. 05} _, , evaluated using the

Arrow-Debreu pricing kernel 5 Note that X, . corresponds to the variable X, defined on
t

p.1471 (wealth of county 1 at date ¢): in an efficient equilibrium, country i's wealth at date

t, X!, equals the present value of i's efficient consumption expenditures in periods s>t. In

what follows, I thus replace X, by X .

~1 . ) N
It should also be noted that @, is a row vector (in (33), Serrat writes @, as a column vector).

The correct form of Serrat's equation (33) is thus (setting p'=p°=p):

r T I
(1 - q)Xt] + th (J; g_j(clls + wsp3s53s )dS)
T
~1 th (.[ %(pZSC;S + (1 - ¢s )p3s53s)ds)
D, = ' , (A.5)

T
i_th (J-t g:_j(l - qas )(Clls + p2scés + p3s53s )dS) - patXll

T
__i_qut (J‘t _é;j_(l - as)(clls + p2sC;s + p3553sds)ds) - p(l - a[)Xl‘l_

with ¢,=(5,,)7 [(5,,)/+(5,,)?] (see p.1483).

Explanations of corrections (i)-(iii) listed above:

Corrections (i) and (ii): see the second and third term on the right-hand side of (38). NB: it
follows from (37) that the left-hand side of (38) should be /& (instead of ).

Correction (iii):

The terms (1-¢)X,, pa,X, and p(1—,)X, in the first, third and fourth elements of (/15: can
be traced back to the vector 6, in Serrat's equations (7) and (34). (NB It follows from (7) that
(34) should be written as ®, = z/c’ =w,/& + X,0,.) It follows from the equation in the fifth
line of p.1483 that 6, =(1-q)o, — pa,o, — p(1-a,)o,, where o, is the i—th row of o, the
diffusion matrix of the vector of (log) endowments (see p.1470). Thus, 6, = H,o, with

H,=((-9),0,-pa,, -p(-a,).

Note: it follows from Serrat's eqn. (6) that d& /&= ufdt—8dW,, for some drift term 4 .
Applying Itd's Lemma to Serrat's eqn. (11) (that defines &) confirms that
0,=((1—¢), 0, —pa,, —p(1-,))0; see Sect. A.7 below.



The corrected eqn. (38) (with y,/& on the left-hand side) can be written as: v, /& = K,o
where K,=(K, ,K, ,.K,,,K,,) is arow vector with:

K, =qE ([ (el + 0.pu8,)ds),
Ky =2qE([ SHpoch, + (=) p.6,)ds),
K, =E, (I —*—(1 ga,)(c,, + p,.cs. + ps,0,,)ds),
K, =i~ qE, (j 4(1 a,)(c + p,.ch, + ps. 5, ds)ds). (A.6)

As @) = C/I\)i o (seeline 1 on p.1484), (34) can be written as: CDt c=Ko+X'Ho.As o is
assumed to be non-singular (see p.1470), (34) is equivalent to &\); =K, + X 'H,. Thus,

=1

@, =(1-9)X,+K,,, K,,, Ky, ~pa, X, K, ~p(-a)X}). (A7)

.2

Substituting (A.6) into (A.7) gives (A.5) (the corrected version of Serrat's eqn. (33)). (A.7)
shows that, in the fourth element of &),1 , the term p(1—a,) X! has to appear with a negative
sign.

A.2.2. Eﬁlt' equals the third column of At multiplied by (1 +%)P3,t
It follows from Serrat's formulae for consumptions and goods prices in an efficient
equilibrium (12), (13) that ¢ =a,6,,, p,,c;,=a,(6,,)"(5,,) and p, 8, =2a (5, +(5,,) (5,,)").

This implies that (in an efficient equilibrium) country 1's consumption spending is
proportional to the value of the endowment of country 1's non-traded good:

Cls+p2s02s+p3s 3s (1+ )pS\ 3,5 ° (A8)

39q9

Thus, X, EEt(LT%;(Clﬁ D,,Cy i D5, 05,)dS) can be expressed as:

T
X=E[ ¢+ 9)p, 5, ds =1+ 2P, (A9)

Hence, in an efficient equilibrium, country 1's wealth at date ¢ equals the price of the "tree"
that generates country 1's non-traded good (£,) , multiplied by (1+ %).

A similar reasoning shows that, in an efficient equilibrium, country 2's wealth at date ¢ equals
the price of the "tree" that generates country 2's non-traded good (£, ,), multiplied by (1+ %) :

X! =(1+5P,. (A.10)

Simplifying the expression for &),1 ":
Let &\D,]” be the k—th element of the vector </I\>:
(A.5), (A.9) and Serrat's eqn. (13) imply: ®|,~(-g)1+HP, +4E([] a5, +0,p,,8.)d5) Tt

follows from the definitions of u, and @, on p.1483 that u P =E J. a0, ds and

ap,, EI _¢sp3\§3sds Thus,



®y, = (- q)1+ DB, +qu'R, +qaP,. (A.11)
It follows from (A.2) and (A.3) that u,P,,=%a,P,,. Substituting this into (A.11), gives (using
b=1-a!):
), = (1-gb)(1+ 4P, .

Similarly, one can show that

~

1
®,, =qu;P,, +qb,P, = qb,(1+ P,
~1
cD},t = [%ctl - paz](l + %)B,t,

q

~1
cD4,t = [_ﬁctl + paz](l + %)Plt.
~1

~1
Note that @,, =-D,,.

1—gb|
bl
Thus: S (1+9)P (A.12)
t %Ct - pa, p/t3u
__%ctl + pat_

We see from (A.4) and (A.12) that (/Istl ' equals the third column of A, multiplied by (1+%)P3.;-

For i=1, one can thus write (A.1) as: A, (7,,, 7, ,, 73, ~(+DP, ,,7,,)'=0,, where 0, isa kxI

vector of zeros. Recall that 7} =P, S}, and that the fourth row of A, is proportional to the

Jst?

third row. Thus, (A.1) holds for i=I if and only if equation (6) in the Comment holds:
A (B S} PS3 P (S} ~140).P,S,)' = 0,

1,02

where /A\t is the matrix consisting of the first 3 rows of A, .

A.2.3. Alternative derivation of the fact that @1,' equals the third column of
A multiplied by (1+%)P, ,

From Serrat's equation (7) and his Definition 1 (p.1472): @] = g—ltl//tl + X0, where | is the
process defined by L:wdeS:;’fEEt(IOTéCj psds)—E(IOTéCj pds), where W, is the Wiener
process that governs the (log) endowments, and C!p, represents (in Serrat's notation) country

i's consumption spending at date s (C.p,=c, +p, ¢, +p;,05,, Cip=c] +p, C; +D, 0,,)
(Notice typo in Serrat's definition of ¢’ in his eqn. (8); correct definition can be found after
eqn. (34) on p.1484.)

. t . T . T . t . . T .
Note that &/=[ &Clp.ds+E,(| &Cipds)~E(| £Cip,ds)=[ ECipds+X/E~E(| &Clpds)),

where T used X/=E, (LT (£./E)C p.ds) (see Sect. A.2.1). Thus:



dg=¢,Cpdi+d(X)5). (A.13)
It follows from the discussion in Sect. A.2.2. that C,lp[:(1+%)p3,,§3,t, C’ p=(4)p, 6y,
X =(+9P,,, X}=(1+%)P,,. Note that d(X'E)y=p S di+dX E+ X' EEJE), for some term
1. Substituting this into (A.13) gives
AL =" IE)dr+ 4D py 8, di+(+DdP, + X[ (dE)E).
t

£AC =G+ (4D p 6, dt+(+DdP, + X (ESE).

It follows from Serrat's eqn. (2) that
p3,t§3,tdt+dPS,t =P3,t (/U3G,tdt+ G3G,thVt) and p4,t§4,tdt +dp4,t =P4,t (:u4G,xdt+ O-AlG,thVt )a

where £, and o, are the k—th element of the 4 and the k—th row of o, respectively.

As shown in Sect. A.7, d&/&E=u-dt—0dW,, with 8 =((1-¢), 0, —pa,, —p(l-a,))o. Hence,
FAL=(u"IE )+ (DR, (5 e+ o dW)+ X (ude ~O.dW,) - and

dG7 = (! IE )i+ (P, il di+05, W)+ X (safdi —O,dIT,).
. . t+dt . T . T .
Note that Edg/=0. (d¢/=["&Cipds+E,,[ &ECpds—E| ECipds;  thus:

i t+dt i T ; T i T i T i
Ed() = E’L g‘sCspsdsﬁtEtJ.Hdt ECip.ds— E,L ECipds=E, L ECip.ds— E’L ECipds=0.)

This implies that the drift terms ,utxlé, ,utxzf, u’ and - have to satisfy the following
restrictions: yfl§/§,+(l+%)P3J,uft+X1 °=0 and yf2§/§t+(1+%)3’tuft+Xt2,uf:0. Hence,

t it

édgtl ={+DB, 07, — X,0,}dW, and édftz ={(I+DP,, 0y, — X6}aw,.
Thus, the process y; defined by ¢ = I(: widW, is given by:
v, =5 {(+D P07, - X0} and y; =& {(+DP,, 0, - 6,} .

This implies that @] =%+X /0, (see Serrat's eqn. (7) and Definition 1 on p.1472) can be

t
expressed as

D) =(+HP,0f, and @] =(+9HP, 0.

Note that 6°=A,'c (see p.1483). Thus, oy, =4,,' o, where 4, , is the k—th column of A,.

Serrat defines the vector Cf); by: @ = C/I\)ic (see first line on p.1484). As o is assumed to be
non-singular (p.1470), it follows from the preceding expressions that
©, =4, (1+)B, and @, =4, (+)F,,.

This confirms that &51' equals the third column of A, multiplied by (1+%)1:§J; in addition, I

have shown that Cf)tz' equals the fourth column of A, multiplied by (l+%)P4J.



A.3. When the stock market clears and eqn. (A.1) holds for
one country, then (A.1) holds for the other country as well.

Stock market clearing requires: S, +S: =1 for j=l,..,4, or equivalently 7z} +7; =P,,.

Assume that this condition is met, and that eqn. (A.1) holds for i=1. I now show that then
~2
(A.1) holds for i=2 as well: z;=P—z,, with B=(P,,,P, ,B,,,P,,) solves A z]'=®,".

~2 ~ ~ ~ ~
Note that A (P-7')'=®,' < AP'=D,'+ @' (if, as assumed Ax'=D)). As O,
[&)tz'] equals the third [fourth] column of A, multiplied by (+2)P,, [(1+)F, ], this equation

1 0 0 O
1 " — 0 1 0 0 . . v
can be written as A,Q P'=0, where Q= 0 0 —g/p 0 | Premultiplying A, QP'=0
0 0 0 —g/p
1 1 0 O
. . | 0 l/g O .
by the non-singular matrix Q,= a a Up 0 gives
-a,-a, 0 1/p
L1 —4/p ~4/p
0 1 —(gphb ~(a/p)b; .

1 2 1 2 £ :04-
u, u, —(g/p),/(1-q) (q/p)c;/(1-g)-1)

—u —u; (g/p)c/1—q) —(¢/p)(c]/(1-¢)-D)

Using P+ 4,,:5 R +P,] and (A.3) it can be shown that this statement is true (which proves

~2 ~
that A (P-7')'=®," when Az"'=®,"):

i) First row:

B,+P,,—(q/p)P,,~(q/p)P,,=0 holds because P, +P, =/ +PF].
ii) Second row:

P, —(q/p)b,P,, —(q/p)b’P,, = 0 holds because b, P, ,+b'P,,=2P, .
ii) Third and fourth rows:

u, R, +u; P, — P, (q/p)c,/(1-q)+ P, ,(q/ p)(c;/(1-¢)~1) = 0 holds because u,F, +u;P, =1P,, and

¢/ BB ~(1-q)(P, ~P,).



A.4. Additional proof that Serrat's equilibrium portfolio
holdings do not satisfy eqn. (A.1)

The Comment shows that (A.1) implies a restriction on stockholdings (see eqn. (5) in
Comment) that Serrat's equilibrium portfolio holdings (see eqn. (17) in his Theorem 2) do not
meet.

The fact that Serrat's portfolio holdings are inconsistent with equilibrium can also be shown
directly by substituting Serrat's portfolio holdings into (A.1): those portfolios do not satisfy

Atﬂ;':&\)i'. The portfolio holdings in Serrat's equation (17) can be written as:
7=, B ,u; P, , B,,0), 7/=(~u)B, . (1-u})P,
p.1483.

0,P,,), where u] and u’ are defined on

Rad

Let A, , and (f);” be the k—throw of A, and the k—th element of (f)l,;,t, respectively.
Using (A.3), one can show that Ak,t(uth u’P, .P,,0)' # C/I\)L, for k=3 and for k=4, which

L™t 22,057 3,0

establishes that the portfolios shown in Serrat's Theorem 2 are inconsistent with equilibrium.

Proof: If A;, WP, usz’,,PM,O)' = 33, were true, then one would have that

tf 1,0

2

p(utl - at)utl])l,t + p(utz - at)ut Pz,t + [ﬁpctl —pc, ]P3t = (1+%)[ﬁpctl —pa, ]PSt =

1 1 2 2 1
(ut _at)utpl,t + (ut - at)ut Pz,t :%[ﬁct _at]])3,t =

2
@)’ R, +@)) P, =4-cP (A.14)

t7 3,10

where I used the fact that u, R +u;P, ,=%P,, (see (A.3)). It follows from the definition of ¢,
on p.1483 that ﬁc}>1 and that O<u,u’<1. Thus, the right-hand side of (A.14) is greater

than LB, (L¢P, ><P,), while the left-hand side is smaller than B, ,+u’P,,, and
p’3 pl-q L7 pt3, . .

hence smaller than -7 ,. This implies that (A.14) is false, which proves that

A, @'P u’P, . P,,0) = Dy,

tf1,0% 2,013

Note: Serrat's portfolios do satisfy his matrix eqn. (39), which represents the condition
z+x'=,,PB,,.B.P,,), and a subset of the conditions included in (A.1) (namely: A, 7, :&\D;,
for k=1,2 and i=1,2). As only a subset of the equilibrium conditions is used, this is not
enough for equilibrium. Also, the 8 x8 matrix on the left-hand side of (39) is singular (post-
multiplying  that matrix by the vectors (1-b’,57,0,-1,-1+b’,-b7,0,1)'  and
(1-b,b!,-1,0,b'-1,-b!,1,0)" yields vectors of zeros, i.e. the columns of the matrix are not

linearly independent.). Thus, Serrat's claim that "...the system (39) is exactly identified for the
vector (7;,77)" (p.1485) is incorrect.



A.S5. Verifying that the equilibrium stockholdings derived in
the Comment satisfy (A.1)

The Comment proves that any stock holdings consistent with the following conditions solve
eqn. (A.1) for i=1,2:

1 _ ¢l 1 _ 4 _4¢l 1 _ q¢l
SZ,t_Sl,t’ S3,z_1+; pS S4,t_ pS1

L,t>

.; and ST =1-S; for j=1,.4. (5)

Here, I verify this, by substituting (5) into Atﬂ}':&;i’. (As shown above, when the stock

~ ~2
market clears, and A, z"'=®, holds, then A z>'=®," holds t0o.)

Note that (5) implies that z,=(B.S, , B, S, , B, (+4-2S, ),—P,,£5, ).
~1
I'show that A (RS, . B,S,,, B, +2-=8, ),—F,,+S,,)' = @, holds for k=,..4. (Recall that

Ay, [(f)iw] is the k—th row of A, [element of Cf)i,,].) In what follows, (A.3) is used
repeatedly.

k=1:
A (B,S,, P,S,,, B, (4418, ),~P, 18, ) =D, <

B,S,, +(1=q)B,S,, +(1~gb) B, (+4-LS, )~ (1-gb))P,, LS, = (I-gb))(+DP,, =
RS, +(-q)B,S,, =(1-gb)P, LS, +(1-gb))P, %S, <

P,S,, =bP,LS, +bP,,LS,,; thisequationholdsas £P,, =bP, +b'F, .

(NB Above I used the fact that B ,+P, ,==(B +F, ).)

k=2

~1
AZ,t(Ijl,tSl,t’IDZ,tS],t’])3,t(1+%_%Sl,t)’_P4,t%Sl,t)vzq)Z,t g
qP,,S,, +qb P, (1+5-25, )~ gb} P, £S,, = qb, (1+1)P,, &

4t p

P,S, =bP, LS, +b'P,, +.8,,; this is a true statement as £ P, , = b'P,,+b’P,

t t4 3, t 4

k=3:
~1
A3,t (R,tSI,t ’PZ,tSI,t 5@,: (1+%_% Sl,t)ﬂ_Bl,t %Sl,t)' = q)3,t =

p(utl —a, )R,tSI,t + p(utz —Q, )Pz,tSI,t + [ﬁpctl —pa, ]at (1+%_% Sl,t) + [ﬁpctz _p(l_a)]Bl,t %Sl,t =
[-pc,—pa, J(+HP, <

(utl _at)Pl,tSLt + (utz _at)PZ,tSLt _[ﬁ tl_ at ]P iSl,t + [ﬁ t2_ (l_a)]P4,t %Sl»l = 0 <

3t p

wh,S, +u'P,S, ~7c¢ P, LS, + [ -11P, £S5, =0 (as B, +B,=L(P,+R,) <

l-q “t" 3¢t p 4t p

%(Pw _P4,t)Sl,t +Li(ctzp4,t _ctlps,z)Sl,z =0 (as uzIP

I-q p Lt

as ¢/ B, —¢, B, =(1-q)(P, - B,).

t L4

+u,2Pz,t=%P3’,) . This is a true statement

10



k=4:
~1 ~1 ~1
Note that A, =—A;, and @, ,=—®;,. Thus, A, (RS, B, S,,, P (+5—5,).—F,, 55,,)'=P,,
~1
holds, because A3,t (R,tSl,t’ f)2,tS1,t’P3,t(1+%_%Sl,t)’ _P4,t %Sl,t)':®3,t'

A.6. More details on derivation of equilibrium stock holdings

This Section provides additional details on the derivation of equilibrium stock holdings in the
Comment.

As dA): ' equals the third column of A, multiplied by (1+%)P3,t, equation (A.1) for i=I can be

written as:
A,y 70, o0y ~(HDP, 7y ) = 0,, with 0,=(0,0,0,0)". (A.15)
Note that ﬁ;,t = S}JPJ.,,. As can be seen from (A.4), the fourth row of the matrix A, equals its
third row multiplied by —1. Thus, (A.15) holds iff eqn. (6) of the Comment holds:
A, (BS. P, S5 B (S5, ~(1+9), P, S, )' =05, 0,=(0,0,0)", (6)
where A, is the matrix consisting of the first three rows of A,.
1 1-1g 0
Premultiplying (6) by the non-singular matrix | 0 Vg 0 |gives eqn. (7) in the Comment:
at_”tl Ky, Vp
10 1-b 1-B
0 1 8 b |(B,S.P,S.P S ~1+D)P,S! ) =0, (7
0 0 2.t K3,z

where  uLuip.blci,c! are  defined on  p.1483  and K =e-uHu-ull,

—(y,] 2\ 1 1.1 1 —(r,] 2\ L2 2 1 1 . _
Ky =, —up )b +e—u, s Ks =, —u;)b/+1-c;/v—u,, with K, B =—K, P, #0.

Proof that K, P ,=-K; P, #0: Substituting the definitions of K,, and K, into
Kz,tP3,t:_K3,tP4,t gives: {(utl_utz)btl""ctlﬁ_utl}Pa.f:_{(utl_utz)btz"'l_ctzﬁ_utl}R.f <

(utl _utz )(btlp3,t +bt2P4,t) + (Ctlp3,t_ctzp4,t)ﬁ = _P4,t + utl (P3,t+P4,t)~ (A 1 6)
As bth3,t+bt2P4,t =§])2,t’ ctzP4,t_ct1P3,t:(l_q)(P4,t_PS,t) (See (A3)) and P3,t +])4,t=§[])l,t+])2,t] (See

Sect. (A.1)) eqn. (A.16) can be expressed as:
(uzl _uzz)gpz,z + PS,t - P4,t = _P4,t + utl g(Pl,z‘l'Pz,z) N
B, = utl §P2,t + utzgg,t .

This is a true statement (see (A.3)), which proves thatK, P, =—K; P,

3,67 4,t°

I next show that K, B, # 0. As log endowments follow a diffusion process, endowments are
strictly positive, which ensures that stock prices are also strictly positive. Note that
K, =i —Ibjui +(1=b})u;]. This expression differs from zero, because ¢,/(1-g)>1 and
0<b!,u,u’ <1 (which follows from the definitions of c',b',u,u’ on p.1483).

127t 2R St
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Next, [ solve eqn. (7) (of Comment) for the country 1 stock holdings. (7) holds iff these three
conditions are satisfied:

(i) P,S!, +(=B)P, (5., ~1+D) + (1-B})P, 5., = O,
(il P,S!, +BP, (8. ~(1+9) + 7P, S}, =0 and
(i) KPS\ ~(1+D) + K, P, S}, =0.

As K, P, =K, F,, #0, condition (iii) holds iff S;’t—(l—i-%):Si’t. Substituting this into (i1) and
using the fact that b, P, +b'P,,=2P,, (see (A.3)) gives: B, S, +2P, S, =0; this condition is
satisfied iff Sé)t:—fSi,,. Substituting S;,t—(1+%):SiJ into (i), and using b, P +bt2P4,,=§Pz’t

t4 3,

and P, +P, =2(P +PB,) gives: B S, +LR S, =0; this condition is satisfied iff S} =25, .

LT gt e

In summary: I have shown that (7) (and thus (6) and (A.1), for i=1) hold iff the country 1
stock holdings satisfy these restrictions: S ~(+9=S,,, S, =~8, , S,,=—%5, . These

restrictions are equivalent to those listed in (5) of the Comment.

It follows from the discussion in Sect. A.3 that if country 1 stock holdings satisfy (A.1), for
i=1, then country 2 stock holdings given by § jz.,tzl—SJl.J (j=L..4) satisfy (A.1) for i=2.

Thus, (A.1) holds for i=1,2 iff
Sy, =S8, S, =1+L-L5 8§ =-18 :
5 > P 14 4 P

IWE IWE VE

and Si;l—Sit for j=I,..4. (5)

A.7. Deriving 6, using Ito's Lemma
& (Arrow-Debreu state price density) is defined in Serrat's equation (11) and can be written
as (using p'=p°=p):

& =) A “VE, )T+ ()@, )] e (A.17)
where 4, and A, are date- and state invariant terms; p is the subjective discount rate. (For
simplicity I assume that both countries have identical subjective discount rates: p,=p,=p.
My results go through when p,#p,; Serrat's theoretical analysis allows for p,#p,, but he
uses p,=p, in his numerical simulations.)

(A.17) can be written as:

& = (exp(Ins, )" A" lexp(in(S, )" +(4,)" Vexp(in((&, )] e L.
Serrat assumes that e = (ln(é‘l,t),ln(é'z’t),ln(53jt),ln(54jt))' follows a diffusion process:
de = udt+ocdW,,

where W, is a four-dimensional Wiener process (see p.1470).

It6's lemma implies:

12



de = 1., di+ (0&/0In(3,,),08,/0In(3, ), 08 /eIn(S, ),0&/0In(3, ) & W,
for some drift term ;lg’[ (see, e.g., Miranda and Fackler (2002), p.470). Therefore,
déJE = ., dt + (‘9@,51,/ge‘t,52,3‘9&,53,,’5@,54,, YodW,

where 4, E/Axgﬁt/g‘t and €, 5, = (1/£)0¢8,/0n(S,,) = (0,105, )&, /&) is the elasticity of £

with respect to &, ,.

It follows from (A.17) that: Eé’dlt:(q—l) » €55, 70,
&5 5, = 1= {6, ) VA, ) O+ 6, )T p Hi-g) = pa,
gft,é“” :p(l_at)a

with o, ={1+(4, 5, )" VA4 (5,,)" )"0} =
()", ) (A G, ) +(A) S, ).

Note: (i) In the Comment, I define a, as: a,={1+(A(S,,/5,,)" )"}, i.e. the term Ain
that formula corresponds to 4,/4, .
(ii) Serrat's equation (14) (that defines ¢, ) contains a typo: in that equation &, has to be

replaced by o, .

Thus:
dé:t /é:t = :ucf,t dt + (q_l’ 0, pa,, p(l—O(t)) o dVV; :

This can be written as: d&,/&, = ., dt — 6, dW,, with 6 =(1-q, 0, -pa,, —p(-a,)) O.

13



B. Discrete time model variant

In the discrete time version of Serrat's economy, the budget constraint is a difference equation
in stock holdings (instead of Serrat's equation (4)), and lifetime utility is a weighted sum of
instantaneous (period) utilities over the life cycle (instead of an integral of instantaneous
utilities). The set of commodities, the instantaneous utility functions, and the asset structure
are the same as in Serrat's model (see Sect. 2 of the Comment for a succinct description.)

B.1. Household decision problem
The economy starts in period =0 and lasts until 7>0. Country i (i=1,2) is inhabited by a

representative household whose budget constraint is:
> RS Y =2 S (P p,S,), for0<t<T (B.1)

where P, is the (ex-dividend) price of stock j in period # (expressed in units of good 1);
S}ym is the number of shares of stock j owned by country 7, at the end of period ¢ (beginning
of t+1).See, e.g., Sargent (1987, pp.94-99) for a budget constraint of this type. Country i's
initial stock holdings (at the beginning of date 0) are exogenously given by S|, S5 S5 .54 -

The total supply of each type of share is normalized at unity, i.e. Sj".,tzl represents
100% ownership of the "tree" that generates the endowment of good ;. Recall that p,, is the
date ¢ price of good j, and J,,>0 is the date # endowment of good j. Good 1 is used as a
numeraire: p,, =1.

Country i's preferences are described by EOZH) BV, where V! is i's "instantaneous

utility" at ¢z, and where 0</3<1 is the subjective discount factor. V' and V> are given by:

2 2 2 2 :
V/=He )l ) +Hey )], V=E(e )l +(c;,)'], with p+g<l, pg>0.
The decision variables of countries 1 and 2 at 7 are: D;=(S},,1,83 11553 11154 141:C1.i»Ca.15C3.)
and sz(Slz’M,S2 S;

2 2 2 2 .
2041995, 141941419C15C2.15Ca 1) 5 respectively.

The decision problem of country i is to select a process {D/}’_, that maximizes

EOZ:O:O BV, subject to (B.1) and to the following no-Ponzi-game condition:
> PrS) 20, (B.2)

=1~ T,

The following equations are first-order conditions of the countries' decision problems:

1=Ep, (p; 0, a*tP )P, fori=,2; j=1,.,4; 0<t<T-l. (B.3)
4 i .
DSt ruPyr =0 fori=12. (B.4)
Py, =(ch, /el )™ for i=1,2; 0<t<T. (B.5)
Py =@ la )1+l )) s =5 Jei )+ (e, le)") for 0<t<T. (B.6)

Here, pf’m (with s>0) is country i1's marginal rate of substitution between consumption of
good 1 at ¢ and at ¢+s, for 0<t,/+s<T':

1 X 1 1 1 1 -1 2 2 2 2 2 \gq-1
pt,t+s :/BY (C3,t+s/c3,t)p (cl,tﬂ/cl,t)q and pt,t+s :ﬂs (c4,t+s/c4,t)p (cl,t+.v/cl,t)q .

](B.Z) ensure that the value of i's life-time consumption process cannot exceed i#'s initial wealth (see (B.17)
below); this corresponds to Serrat's restriction that the consumption process has to be "admissible" (p.1472).

14



(B.3) shows i's Euler equations with respect to the 4 types of stocks. (B.4) follows from the
complementary slackness (Kuhn-Tucker) condition associated with (B.2) (it cannot be

optimal for country 7 to select ijlp.i,TS;ﬂPO’ as this would imply that i's consumption

spending does not exhaust i's resources). (B.5) and (B.6) say that country i equates her
marginal rates of substitution between the goods that she consumes to the relative prices of
these goods (the first [second] expression in (B.6) pertains to country 1 [2]).

B.2. Definition of competitive equilibrium
Serrat considers a competitive equilibrium (p.1473): in equilibrium, households maximize
their expected life-time utility, subject to their budget constraints, taking prices as given;

markets for goods and stocks clear. Given initial stock holdings S, ,S, .55 4,5 0,70 =1-5 5.
3 0=1-S, 4,85 ,=1-S; 4,8} ,=1-S, , an equilibrium is thus a process

1 1 1 2 2 2 1 1 1 1 2 2 2 2 T
{cl,z=cz,tac3,z=cl,tacz,vC4,tapz,z=p3,tap4,z=Pl,taPz,zaP3,xaP4,z=S1,t+1=S2,z+pS S4,t+1’Sl,z+1’S2,t+1’SS,t+1’S4,t+1}t:0

3,t+1°
with these properties:

(1) (B.1) and (B.3)-(B.6) hold for i =1,2.

(i1) Markets clear:

1, 2 _ ¢ .1 , 2 ¢ .1 _ ¢ . 2 _ o . @l
cl,t+cl,t_5l,t9 cz,z+cz,t_52,z’ c3,z_53,z’ c4,t_54,t’ Sj,t+1

+5?

Jot+l

=1 for j=l,..4 and 0<t<T. (B.7)

B.3. Efficient allocations

Serrat focuses on competitive equilibria that are Pareto efficient (i.e. that ensure full
international risk sharing). An efficient allocation is the solution of this social planning
problem:

r 5771 r 5772 1 1 1 2 2 21T
Max (1_1)E02S=0ﬂ v +/1Eozszoﬂ Vi Wt {6,565 565,561,565 15C b

1 2 1 2 1 _ 2
s.t. ¢, +¢,=6,,, ¢,,t¢;,=0,,, ¢;,=0;,, ¢;,=0,, at 0<i<T, (B.8)

for some constant 0<A<l. ? A key first-order condition of this problem is that marginal
utilities of traded good consumption are perfectly correlated across countries:
(1-A)ov,loc;,=AoViioc;, j=1,2 for 0<¢<T. (B.9)

In what follows, efficient consumptions are denoted by an asterisk. As efficient
tradable good consumptions depend on A=A/(1-A) (see below), I write those

consumptions as functions of A.
(B.8) and (B.9) imply that country 1 consumes a fraction

& (W)={4AG, 18,7},
of the world supply of tradables (see eqn. (13), (14) in Serrat):
c}’;(A):at*(AM )} cf;(A):(l—at*(A)w o (J=1,2), and =6,

t 1,t°

c;7=6,,, for 0<t<T. (B.10)

R

> When 1=0 or A=1, the social planning problem is trivial: one country consumes the entire world supply of
tradables; the subsequent discussion assumes 0<A<I.
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B.4. Decentralizing an efficient allocation

Proposition
Let {¢/3(A), ¢y (A),c5crr(A)cs (M), ¢}, be an efficient allocation, for some constant A>0.

There exist goods prices, stock prices and stock holdings  {p; ,, p; (M), pi (A, B (N, P (N),
B (AP (NS, 1085 0S5t Sari1sStrits S SsresSaaitizo» such  that — {¢%(A), ¢, (A),c3

Lt+12 = 2,64+19 3641224t +19= 1,6 +12 = 2,t+1° =3, +12
2% 2% 2% * * * * * * * 1% 1% 1% 1% 2% 2%
e, (N)ey (ACy 15 Dy 523 (W) Py (N, B (N, B (), B (AN E) (A)S, 1585 14155 101954 141550 101592, 1415
2
S3,t+17

- oQlr Qlr gl Q2¢_q_ Qv @2% g Qlx Q2% _q_ @l @2¢ 1 ol
holdings 4,8, 85055405810 =1=510: 82,0 =1=85 0, 85,0 =1=55 0, 84,0 =1=S .-

Sf:H}tT:O 1s a competitive equilibrium, for appropriate assignments of initial stock

I denote all prices and stock holdings that pertain to an efficient competitive equilibrium
by an asterisk; equilibrium prices that depend on A are written as functions of A .

In what follows, I show how to construct the process
(D20 D3 (), Do () B () Py (W), P (), P (A, 1S 15 S5t SitsStrens S S vans Satai o
and how to find appropriate initial stock holdings.

Goods prices
The goods prices {p; . p;,(A),p, (A} are found by substituting the efficient consumptions

given in (B.10) into the countries' first-order conditions (B.5) and (B.6). This yields
P2, =6,,/8,)"", P (0=2Ha] (NS, )Z,, pi (M=2((~e; (N6, )Z,, Z=6,+(,) "(&,,)", (B.11)
where Z, equals the value of the date t world endowment of tradables &, +p, 0, ,.

(B.9) implies that, in an efficient allocation, intertemporal marginal rates of
substitution of tradable good consumption are equated across countries; let p,,, (A) denote

the common marginal rate of substitution between consumption of good 1 at ¢ and at #+s :
PN = pl (A = plr. () for s20,0<t,t+5<T . (B.12)
(B.10) implies:
Prins) = B(S,,. /3, ) (Lef, (WS, 1/, (M)S, 1) (B.13)

Stock prices
The date T stock prices have to satisfy (B.4): Zj PSS

P +S},,,=0. Summing this condition across

i=1,2 and using the market clearing condition for stocks S, +S77,,

=1 (for j=l,.4) gives:
z;Pj",T:O. If agents can freely dispose of "trees", equilibrium stocks prices cannot be
negative. Thus, the (ex dividend) prices of all stocks are zero in the terminal period 7 :

P',=0 for j=l,..4. ° (B.14a)
Iterating (B.3) forward (using (B.14a), the common intertemporal marginal rate of substitution
(B.13) and the goods prices defined in (B.11)) shows that stock prices satisfy this condition:

P (N=EY. . (NP, (NS, for j=1,..4, 0<I<T-1. (B.14b)

? Hence, stock price bubbles are ruled out. In Serrat's equilibrium too, stock prices are zero at 7.
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The stock prices defined in (B.14a) and (B.14b), and both countries' efficient
consumptions (B.10) satisfy the Euler equations (B.3); the goods prices (B.11) and the
efficient consumptions (B.10) satisfy the first-order conditions (B.5) and (B.6); the
efficient consumptions satisfy the market clearing conditions for goods listed in (B.7).

Stock holdings
To complete the proof of the Proposition, I have to find stock holdings {S,*.,,S)". .S, .,,S}"

Lt+19%2, 64195 3,t+1° 4,141

ST St SerSar -, that are consistent with the budget constraint (B.1), with stock

market clearing (see (B.7)), and with (B.4). Note that (B.4) holds for any values of S’

7, T+1°

because P;,=0 for j=l,..,4.

Let ef*(A) = z; p;,t(A)c?:t(A) denote the value of country i's efficient consumption basket

(B.10), in period ¢, evaluated at the goods prices (B.11). (B.10) and (B.11) imply:
W= (NMHD)Z,, & (M=o, (A)(I+D)Z,. (B.15)
The stock holdings {8, .8 .83 .84 S Sy, 8o

2% T
Lt+122,t+12 23, t+12 24t +1°2 1, +1° =2, +1° 3,t+l’S4, +l}t:71 thus have tO

t

satisfy the budget constraints
zj ST P (A+e () :Zj ST (P NS, +P(N) fori=1,2and 0<(<T,  (B.16)

=1 J.t+l =1 Jst

as well as stock market clearing: S +87

a4l =1 for j=l,..,4 and —1<¢<T.

(B.16) holds if and only if the (ex dividend) value of the stocks held by country i at the
beginning of ¢ plus the date ¢ dividend income generated by these stocks equals the value of i's
efficient consumption expenditures {e,":?}f;é (evaluating using the pricing kernel p:m) :

t

E Y P el (8) = 3 7P} (N, +P; (M) for 0<i<T. B.17)

t+s =1 J-t

® Proof that (B.16) = (B.17)
S5 Pl Pl (NS, AP

For 0<t<T, let W\ (M=)"_ P/ (NS}

g+l 0

and for 1<¢<T—, 1+;;i*(A)EZj:1 f;V,{;’(X) TS
t J.t=1

W (A) is the value of i's equity portfolio at the end of ¢, and 1+7/*(A) is the gross return on
i's portfolio, between 7—1 and ¢ (B.16) implies that W, (A)+e (A=W, (A)(1+r"(A)) for
1<t<T. Therefore,

E_p_ (N (W) e (W)= (NE,_ p_, (AI+7"(A) forl<e<T.
As pointed out above, the stock prices {Pj’;(A)},lo satisfy the Euler equations (B.3), and thus
1=E,_p; (AP} (NS, +P (A)/P;,_(A)  for 1<t<T. Hence, 1=E, p;, (A)1+7"(A), for
I<t<T (as can easily be shown using the above definition of 1+ (A), and the fact that S;*t

and W, (A) are in the date ¢-1 information set). Therefore,
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E,_\p)., (V. (A)+e! (W)=, (A) for 1<I<T.
Iterating this equation forward, using the fact that W, (A)=0 (as P’ (M)=0 for j=l1,..,4), gives
W W)=E, 3Pl (Nel (), for ISI<T.

t+s

Thus: W:l(A):EIZZII Pr s e, (A for 0<t<T-1. As W, (A)=0, this condition implies:
WA+ (N=E, Y. pr,. (Ne(A) for 0<i<T. (B.18)

(B.16) can be written as W,f(AHef(A)szﬂS (P} (NS, +P (M) for 0<¢<T. The left-hand

side of this equation can be replaced by E,ZST;; o (Ne” (A (because of (B.18)). This
yields (B.17).

® Proof that (B.17) = (B.16)
(B.17) implies
Ep. aNY L Sya(Pa WS, Pl (A +el (M= ST (] (M3, +P] (), for 0<i<T-1.
Note that, E,{0], (A)Y ST (P}, a8, P oA =D Sy PLA), as SJ,., is known
att and P (N=E,p,,,(AN(P},,(N)3, .,

Z“ S AP +e;*(A):z;S;Tt(p;’t(A)éfi’t+13jf,(A)) for 0<t<T—1. (B.19)

j=1 Jot+l

+P7,,,(A)) (Euler equation). Hence, (B.17) implies:

In addition, (B.17) implies that e}*(/\):z:j,:1 S pr (NS, 5 as P=0 for j=l,..,4, this gives
4 i* * I 4 % * * . . .
Z, ST Pl (A +é (A):ZFIS].,T( P (NS, ,+P,(A). This and (B.19) implies (B.16).

=1 J.,T+1

When {S,7,,,8)5.1,85 541,y satisfies (B.17) for i=l,then {S7, .85, .85, Seri i

Le+19902,141993 1415
with 87, =1-8"",, (for j=l,..,4) satisfies (B.17) for i=2, and vice versa. *

(Assume that (B.17) holds for i=1; substitute S;Z :I—Sf* into (B.17) with i=1; this gives

K;
EY 0l e (=D (9, (08, +PL () - 2! 8% (S, 4P (A). (B20)

*

Note that £, ! p,. (A)el1,(A)+e]

t+s

where the first equality follows from market clearing in goods markets, while the second

equality follows from the stock price equations (B.14a) and (B.14b). Substituting this into
(B.20) gives E,Zf;; or . (Ne (A):Z‘/‘, S%(p; (NS, +P; (A), which corresponds to (B.17)

t+s 17t

for i=2. Analogously, one can show that when (B.17) holds for i=2, then (B.17) holds for

i=1.)

S

3,64+12 T 4041

* Le. when (S ,8"

L+12 72,0412

S:'.y . satisfies (B.17) for i=2, then {S ,S. ,S." ,S." }  with

Le+12 72,6412 73,6412 241 +1

S" . =1=87 | (for j=1,..,4) satisfies (B.17) for i=I.

Jot+l

18

T-t * 4 * 4 * *
FAN=EY . P NQ P NS L )=D (]S, AP,



Thus, the task of finding equilibrium stock holdings that finance the efficient allocation
boils down to finding country 1 stock holdings {S;,.,,S;,.;,85..,»S,.. 5, that satisfy
(B.17) for i=1. The corresponding equilibrium stock holdings for country 2 are given by
s, =1-S7

Jit+l Jt+l

for j=1,...4.

Finding stock holdings that satisfy (B.17), for i=1
The left-hand side of (B.17), for i=I, has the following property:

E Y. PNl (M) = (5P} (NS, +P; (A)  for O<I<T. (B.21)

t+s

(Note that (B.11) and (B.15) imply that ¢"(A)=(1+%)p; &, . Thus

Tt

E Y P el W) = (HDE Y ol (AP}, (NS, = (5P} (NS, 4P (M),

where the last equality follows from the stock price equations (B.14a) and (B.14b), for j=3 )

Using (B.21), one can write (B.17), for i=l, as follows:
* * 4 * * *
(H)(p3 (WS, + B (W) = 3 S7(p), (NS, +P,(8)) for 0SI<T. (B.22)

=1 Jst

As can easily be verified using (B.11), dividends (expressed in units of the numéraire) are
collinear (see discussion in Comment):

P (NS +p, (NS, =716, ,+p; (M)S,,]  for 0<I<T. (B.23)
It follows from (B.14a), (B.14b) and (B.23) that stock prices are likewise collinear:
B (MN)+E (M)=g[R(M+F,(A)] - for 0<<T. (B.24)

(B.23) and (B.24) imply B (A)+P(N=LIB A+ (A, with P (\)=p; (A5, +P,(A)
(B.22) can be written as: (1+%)E(A)=Zj s pr (A) for O0<t<T. Substituting

=1 St st

P} (=[P (N)+P; (M)]-P;,(A) into this expression yields:

for 0<¢<T.

Thus, any process {S,7.1,857 1,511, Suras St SaversSavers Sy, that satisfies (B.25) and
S.,=1-S.,,, for j=l..,4 and —1<¢<T, is consistent with (B.16) (and thus with the
budget constraints (B.1) for i=1,2), with (B.4), and with the market clearing condition for
stocks listed in (B.7). (As mentioned above, (B.4) holds for arbitrary values of S;.fm because

P ,(M=0 for j=l,..,4.)

(B.25) holds if 0=8;;+£8,, =S, +£S," =8;,~S,",~1-% or, equivalently, i

Sy =81, 8, =1+ % - %S}; , Sy = —%Sf; . (B.26)
The Comment (see eqn. (3)) shows that the time-invariant share holdings S,=S,,
S, =1+%—%S]', S, =—%Sll support the efficient equilibrium; these share holdings are consistent

with (B.26).
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Conclusion:
For any A>0, the Pareto efficient consumptions, the goods prices and stock prices, and the

stock holdings {c;’(A), c;,,(A), ¢35, ¢ (AN (ALCy P31 3 (A, 23 (LB P (M) P (M) P (M),

SII;H,S;M,S;:H,SZFHI,SIZ’;H,S;;H,S32,5;+1,Sfj+l}tr=0 defined by (B.10), (B.11), (B.14a), (A14b) and
(B.26) (for 0<¢t<T) and S, +S7;, =1 (for j=l,.,4 and 0<¢<T) are a competitive

equilibrium, relative to initial stock holdings S,7,557,555:540:S00 52055055 that satisfy

(B.25) (for 1=0) and S +S>}=1 for j=l,..4.

This completes the proof of Proposition 1.

Remarks:

1) The preceding discussion shows that the equilibrium goods prices and stock prices that
support an efficient allocation are unique; by contrast, stock holdings are indeterminate.

2) Clearly, (B.26) is a sufficient conditions that ensures that (B.25) holds. In addition, it
appears that, if the covariance matrix of endowment innovations is non-singular (as assumed
by Serrat), (B.26) for 1<¢<T is a necessary condition under which (B.25) holds (for all states

of the world at) 1<¢t<T. Thus, when (B.26) does not hold for 1<¢<7, then (B.25) cannot
hold (for all states of the world) at 1<¢<7.

Note that (B.25) holds for 1<¢<T, then
0=(S/5+L 8L )6t (M) +(SK 4L L )es (W) + (St =81 ~1=-D)el (A) for 1<1<T,  (B.27)

—

where 8;,,(A)51€i(A)—E,_1P;,(A). The three innovations &/ ,(A),&; (A), &5 (A) are functions of

innovations to the four endowments o, ,,

0,,,0;,,0,,. If the covariance matrix of the four
endowment innovations is non-singular, & (A),&, ,(A) and & ,(A) are not collinear (see

discussion in Sect B.6).

[In the continuous time model, the counterpart to this lack of collinearity is the fact that the
first three rows of the diffusion matrix of stock prices ¢’ shown in Serrat's eqn. (16) are

linearly independent, and that the first three columns of the matrix A, shown on p.1483 are
linearly independent. ]

As Sj'.: is set at 7—1, this lack of collinearity implies that (B.27) holds for random realizations
of & ,(A),&, (A), &5 (A) if and only if
O:Sllj+§Sft:S; +§ij[:531; —Sj: —1—% for 1<¢<T,
in other terms iff (B.26) holds for 1<¢<T.
Hence, stock holdings that do not satisfy (B.26) for 1<¢<7 cannot satisfy (B.25)

(and (B.1)) for all states of the world at 1<¢<7 . Thus, stock holdings that do not satisfy
(B.26) for 1<¢<T do not implement an efficient competitive equilibrium.
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3) The equilibrium portfolios in the discrete time variant have the
same structure as portfolios in the (correctly solved) continuous
time model, as can be seen by comparing (B.26) and equations (3)
and (5) in the Comment.

4) The intuition for the preceding point is that the key equilibrium conditions for portfolios
are very similar, in the continuous and discrete time variants.

Note that (B.22) implies that (in discrete time)
Y Ste (N = (1+De; (A) for 1<i<T. (B.28)

j=1JtT gt

This condition is related to Serrat's key portfolio equation (continuous time), reproduced as

eqn. (4) in the Comment:
in_ i . D N B i _qi
Ax'=0,, with 7,=(7 .7, ., 705 ., 70, ) 7; =S P, 4)

(in Serrat's paper, see last line of p.1484, as well as equations (7) and (34)).

As shown in Sections A.2.2 and A.2.3, &\);':ﬂ,}’t(H%)I% where 4, , is the third column

0
of A,. For i=l, (4) can thus be written as Atﬁ}'zﬂBJ(H%)Pm. As o (diffusion matrix of the
vector of (log) endowments) is assumed to be non-singular (p.1470), this expression is
equivalent to: 7] A, o=(+HP, 4,0 . Note that c’=A, o, where o is the diffusion matrix
of stock returns (see p.1483 and Serrat's eqn. (2)). Thus: 7z, O',G:(l-i-% P3,,03(f ., where oy, is the
third row of o”. This equation implies

m ol dW,=(+YP, o5 ,dW,, (B.29)
where W, is the four-dimensional Wiener process that drives the logged endowments (see

Serrat's eqn. (1)). Serrat's eqn. (2) implies that o dW, equals the vector of stock return
innovations, and can be written as:
GtGdVVt = ([dPIt_EthIt]/Pl [dPZ,t_EthZ,t]/PZ,t’[dP3,t_Eth3,t]/P3,t’[dP4,t_Eth4,t]/P4,t)"

As 7, =S} P, (B.29) can hence be expressed as:
4
Y. ..\S,[dP, ~EdP, 1= (+4)[dP, ~EdP, ],

which closely resembles eqn. (B.28) for the discrete time variant: in both the continuous and
discrete time structures, equilibrium stockholdings entail that innovations to the value of
country 1's total portfolio (left-hand side) track the innovations to the present value of country
I's efficient consumption spending; see right-had side (NB that present value equals

+DA,).

N

5) Serrat (Theorem 2) claims that in equilibrium claims to domestic non-
tradables are only held by domestic investors: S;,=1,S5,,=0 for #>0. These

stock holdings are inconsistent with (B.26). Thus, Serrat's portfolio is
incompatible with an efficient equilibrium (it does not finance the efficient
consumptions defined by Serrat's equations (13)-(14).)
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B.5. Characterizing efficient equilibria for exogenous initial stock
holdings

Serrat assumes that initial stock holdings are given by:
Sll,OZS;,ozl; S;,o:Si,ozo . (B.30)

These initial holdings are inconsistent with (B.26). Nevertheless, an efficient competitive
equilibrium exists, relative to these initial share holdings. There exists a unique value of
A such that the expression in (B.25) holds for =0, i.e. such that the value of each country's

initial equity portfolio equals the value of its efficient consumption process.
Evaluating (B.25) for =0 and share holdings (B.30) gives:

0=P.(N) =P, (A)L.
Note that E‘;(A)=EOZ::O Po,(Mp; (N, . Thus (from (B.11) and (B.13)):
P =E, Y. 6,08, (e (W3, Vla; (), 118, and
BN =B, 6,06, (e ()6, Ve (M, 11 2at (W5, +(5,)(5,)7].
a, (M) is a continuous function of A. Hence IDLTO(A),:D;VO(A) are likewise continuous functions of
A. Note that & (0)=1,e(0)=0, &’ (0)/a;)=(15, /5, VI8, /S, )"~ Thus, B,(0)~F,(0)%<0
and Ei(oo) —ID;’f/O(oo)%>0. Hence, there exists a value A for which O:E’LTO(/A\)—;’;O(/A\)%. It can

be shown that d{F(A)— B(A)}/dA >0 at A=A. Thus A is unique.

~

. N R BN L AN D% 2%, RN 2% AN 2%

For A that satisfies O:PLO(A)—PM(A)%, the process {c(A),c, (A),c;,.ci,(A),c; (N),ci,,
* PN PN _—_ N w N 1% 1% 1% 1% 2% 2% 2% 2% T
p2,t’p3,t(A)’ p4,t(A)’ ])],t(A)’IDZ,t(A)’ID?:,t(A)’Rl,t(A)’Sl,H]’SZ,Hl’ S3,t+1’S4,t+1’Sl,t+1’52,t+l’S3,t+1’S4,t+l}t:0

defined by (B.10), (B.11), (B.14a), (B.14b) and by (B.26) (for 1<t <T") with A=A is an
efficient competitive equilibrium, with respect to the initial stock holdings (B.30).

Summary: the initial portfolio pins down the weight A that determines what share of the
world supply of tradables is consumed by country 1 (e¢,); in the efficient competitive

equilibrium, countries rebalance their portfolios at =0 so that
1 1 1 1 1 1
S, =8, 8, =1+--28,,,8,, =-S5, for I<t<T.

Remark: the determination of A presented here corresponds to that used by Serrat. Serrat
solves for A (which in his notation corresponds to 4,/4,; see his eqn. (14)) by solving his

eqn. (15)--he thus sets A at the value that ensures that the value of each country's initial
equity portfolio equals the value of its efficient consumption process.
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B.6. Innovations to ﬁj(A), /PZ(A), E’Z(A) are not collinear

—

(A), 2,(A) and P (A) are functions of the exogenous endowments of the four goods.
(NB Pj,t(A)E P;, (A6, +P;, (A).) If the covariance matrix of the endowment innovations is

non-singular (as assumed by Serrat, p.1470), then innovations to P, (A) (A), ) t(A) are not

collinear. I now illustrate this (rather obvious) point, using assumptions about endowments
that yield simpler solutions for stock prices than Serrat's assumptions.
Equations (B.11), (B.13), (B.14a) and (B.14b) in Section B.4 imply

BN =E Y B (6,08, (e, (08, e )5, 115, ...
1/”27,;(/\)=E,Z By, 08 ) e, (NS, Ve (NS, 16,0 (6,
I/D;i(A):Eoz B G, 08 ) ey (WS, Ve (M6, 11 Lay (M), +6,,.) (S,,.),
for 0<¢<T.

Thus, (A) P (A) and P, (A) are functions of {9, ,, .0

2,t+5°

53 t+s 9at+s(A)}s>O Assume
that Ing,,, Ing, ,, Ind,,,Ina;(A) follow random walks without drift:
In 51,: —In é‘l,t—l =85 In 52,x —In 52,;—1 =870, In 53,z —In 53,x—1 =835 Ing;(A)-In at*—l(A):Sana,t >
where s,,5,,53,5, are constants and 7,,,7,,, 1, 7, are independent N(0,1) white noises. :
Then,

R (M=K5,,, P N=K,(5,)7,,)", P M)=Ka N5, +KaM)©S,)(5,,)",
where K,K,,K;,K, are constants.

Let & (M=P (M)-E_ P/ (A). We have: & (A) = B_(M){exp(s,,) —exp(5(5))}

& (M) = B}, (M{expl(1-q)s,,+qs,1,,1— exp[L(1-9)* (5, +1q> ()1}

8;,[(1\) =K, 10, {expls,n, +sm,]1- exp[%(sa)z +%(S1)2]} +
K4at*—1(A)(5l,t—l)l_q(52,t—1)q[eXp {Sana,t+(l_q)51771,t+qs2772,t}_exp {%[(Sa)z+(1_Q)2(Sl)2+q2(52)2]}] .
These formulae show clearly that & (A),&; ,(A),&;,(A) are not collinear. (Note that &/ (A) is a

function of 7,,; &, ,(A) is a function of 7, and 7,,; & (A) is a function of 7,,, 7,, and

Nos+)

>In the economic model, at* (A) cannot exceed unity. Violations of that upper bound can be ruled out by

assuming that a,(A)<l and by setting the variance of innovations to e, (A) ((Sa)z) at a sufficiently small

value. Serrat assumes that the four logged endowments follow random walks; this yields solutions for stock
prices that are much more complicated than the solutions shown below.
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